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The  a r t i c l e  d i scusses  t r a n s v e r s e  v ib ra t ions  of finite ampli tude in an e l e c t r o n - i o n  ring. F a r  
f r o m  the reg ion  of l inear  resonances ,  an equation is obtained fo r  s lowly vary ing  ampli tudes,  
and the conditions a r e  found for  the excitat ion of instabi l i ty  of the "negat ive  p r e s s u r e  n type. 
Near  the lower  boundary  of the region of l inear  instabil i ty,  the  conditions a r e  found under  
which nonl inear i ty  b reaks  down the s tabi l i ty  of the v ibra t ions  with f inite ampli tudes .  

1. In [1] a study was made of the question of the s tabi l i ty  of an e l e c t r o n - i o n  ring with r e spec t  t o t r a n s -  
v e r s e  v ibra t ions  (instabili ty of the " s p i r a l "  type in the approximat ion  of the l inear iza t ion  of the polar iza t ion  
force ,  with a r e l a t ive  shift  of the cen te r s  of g rav i ty  of the bundles.  I t  is found that the re  exists  a region of 
wave  number s  (k_ < k <  k+) for  which t h e r e  is instabil i ty.  The appearance  of t r a n s v e r s e  instabil i ty is con- 
nected with the p r e s e n c e  of r e sonances  at the f requencies  of the e l e c t r o n - i o n  v ibra t ions  (near k+) and at 
Doppler  f requenc ies  of the v ibra t ions  of the e lec t rons  in a focused magnet ic  field (near k - ) .  The nonlinear 
s t age  of the development  of the v ibra t ions  shows that, nea r  the upper  boundary of the region of instabi l i ty  
(k+), the nonl inear  po lar iza t ion  fo r ce  s tabi l izes  the instabi l i ty  at ampli tudes  which a r e  smal l  in compar i son  
with the t r a n s v e r s e  radius  of the bundle [2]. In the case  where  the re  is no external  focusing of the electrons,  
in [2] an exact solution was obtained in the f o r m  of a nonl inear  s ta t ionary  wave, moving along the bundle. 
With nonl inear i ty  in an e l e c t r o n - i o n  annulus, t he r e  is the poss ib i l i ty  of v ibra t ions  with f ini te  ampli tudes,  
both nea r  the region of l inear  ins tabi l i ty  and far  f r o m  it. 

In the p resen t  ar t ic le ,  equations a r e  obtained which de sc r i be  v ibra t ions  of this type, and a study is 
m a d e  of the question of the i r  s tabil i ty.  

The models  chosen w e r e  two r igid  bundles of e lec t rons  and ions, whose pa r t i c l e  densi ty  in a t r a n s -  
v e r s e  c r o s s  sect ion is d is t r ibuted in accordance  with the Gaussian law 
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where  a 0 is  a constant  cha rac te r i z ing  the radius  of the bundles; r.L 
is  the modulus of the radius  vec to r  of a p a r t i c l e  in the  plane of the 
t r a n s v e r s e  c r o s s  sect ion of the bundle. Measur ing  all the space  
and t ime  quanti t ies  in the units a 0 and r respec t ive ly .  (r = 

e2nc(~ is the f requency of the v ibra t ions  of the ions in the field 
of the e lectrons) ,  we wr i t e  the s y s t e m  of equations fo r  the t r a n s -  
v e r s e  d i sp lacements  of the cen te r s  of g rav i ty  of the bundles [1, 2], 

d ~ x / d t  z @ ~2x  = - - 5  (x  - -  y)[i - - 1 / 4 ( y - - x ) 2 ] ,  d'Zy/dt  ~ : (x  - -  y)[t - -  ~/~, (y  - -  x)2] - 

d / d t  ~ o / a t  -{- vc~/Oz, 5 = tz~ ~ M J T n ~  ~ m e ,  7 = ( i  - -  v2/c~) - ' / ,  (1 .2 )  

H e r e  x(y) is the shift  of the e lec t rons  (ions); h is the f requency  
of the v ibra t ions  in an external  focused field; v is the veloci ty  of the 
e lec t rons .  

Fig. 1 
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The  po l a r i z a t i on  f o r c e  in (1.2), a r i s i ng  with a t r a n s v e r s e  shift  of the c e n t e r s  of g r a v i t y  of  the bundles ,  
i s  ca lcu la ted  f o r  the  d i s t r ibu t ion  (1.1) u n d e r  the  a s sumpt ion  of a s m a l l  d e g r e e  of non l inear i ty  (x, y<<l) .  

With the sa t i s f ac t ion  of the l a t t e r  condition, we  u se  the method of  "ex tens ion ,"  developed in [3-5].  We 
seek  the  solut ion of  (1.2) in the  f o r m  

w h e r e  e<<l,  ~ and "r v a r y  slowly,  

= ) 
= ~=_~ \u~ =)(4, ~) 

~ : e (z - -  cot), Co:  Oo~/Ok, "~ ~ e~t 

With an a c c u r a c y  up to ~, f r o m  '(1.2) we obtain the d i s p e r s i o n  equat ion of  the  l inea r  t heo ry  [1], 

F (co) : o -~ + 8/I(o -- ~v) ~ -- ;~] ----- t 

Taking  into account  that  

( 1 . 3 )  

(1.4) 

Co = v i i i  + ~o~la 2 (o) - -  kv)] -1 (1.5) 

with an a c c u r a c y  to  E t we  obtain 

Taking  account  of (1.5), (1.6), in the o r d e r  c 3, we  obta in  an  equation fo r  ~(~,  ~-), 

Or + i~o2r ~ = iq I r I"r (1.7) I-" 
v = y  8 
q = Sh (t -- ~)4 [~ (0) -- kv) / 6-1 ,4- (o1-'/, (1.8) 

An equation of the type (1.7) was  inves t iga ted ,  f o r  example,  in [4-6]. We sha l l  show the  condi t ions  
u n d e r  which ins tab i l i ty  of the  n e g a t i v e - p r e s s u r e  type  is poss ib le .  We seek  the  so lu t ion  of (1.7) in the  f o r m  

Subst i tut ing (1.9) into (1.7), and s epa ra t i ng  the r e a l  and i m a g i n a r y  pa r t s ,  we  obtain a s y s t e m  of equa-  
t ions  fo r  de t e rmin ing  p and a, 

Op .p ~O (~p) = 0. 0f~-F ~ a~ = a t  -- 2vq a~ + 2 v ~ o ~  a~~ VVt at =0~ ]f~- (1.10) 

The  las t  t e r m  in the  second  equat ion of  (1.10) is  sma l l  unde r  the  condi t ion 

qA2/k2v ~ i (1.11) 

w h e r e  A= [x--Ytma x is the  ampl i tude  of the r e l a t i v e  shift  of the cen t e r s  of g r a v i t y  of the  bundles .  Th e  quan-  
t i ty  qv p2 in (1.10) p lays  the r o l e  of the p r e s s u r e ,  if  p and a are  r e g a r d e d  as the h y d r o d y n a m i c  dens i ty  and 
ve loc i ty .  With qv< 0, the ~ p r e s s u r e "  b e c o m e s  negat ive ,  and the  ini t ia l  p e r t u r b a t i o n s  r i s e  exponent ia l ly .  Th e  
condi t ion qv<0 g ives  

4co~o~/r + a~ (co - -  v )V6  + r 2 < 0 (1.12) 

Le t  us examine  the  ionic b r a n c h  of the v ib ra t i ons  

co ~ ~ + 8/2k~v ~, ~ ~ -- 81k% ~', c 0 ~ -- 81kSv ~ (1.13) 

Taking  account  of (1.13), f r o m  (1.11), (1.12) we  obtain the  condi t ions  f o r  the  a p p e a r a n c e  of  ins tab i l i ty  
of  the n e g a t i v e - p r e s s u r e  type,  

6-'  (kvA/(o o)~ >>- 1, 8 (o)dkv) ~ ~ t (1.14) 

With s m a l l  va lues  (~f 6 (the c a s e  of sma l l  condensat ion) ,  condi t ion (1.14) is sa t i s f ied  well even with 
r e l a t i ve ly  s m a l l  va lues  of  A.  

2. Le t  us c o n s i d e r  the  s t ab i l i t y  of  v ib ra t ions  of f ini te  ampl i tude  n e a r  the  l o w e r  boundary  of the r e -  
g ion of l i n e a r  ins tabi l i ty  (k_) .  U s i n g  a method  ana logous  to  that  of  Sec.  1, we obtain an equat ion f o r  
~(~,  v) n e a r  the bounda ry  of  the reg ion  of  l i nea r  ins tabi l i ty  0F/So0 = 0), 
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iacl)la~ = aa2(1)la'~ ~ - (b I r I ~ H- r ~ = st, ~ = 8~z 
a = _1/: [4~25/~ -F a~kv0/ml(vr 5) -1 
b = --  ~/~ (i --  a)~(~)-~, c ---- (~/I ~ I)~, ~ = (~ --  ~0)/v0, I ~ I ~ I 

(2.1) 

(2.2) 

w h e r e  v 0 i s  t he  v e l o c i t y  at the  b o u n d a r y  of the  r e g i o n  of  i n s t a b i l i t y .  We s e l e c t  a v i b r a t i o n  wi th  t h e  w a v e  v e c -  
t o r  k r  k _ ,  i . e . ,  in  a l i n e a r  a p p r o x i m a t i o n  t h e v i b r a t i o n  i s  s t a b l e  (/~> 0), and we  c o n s i d e r  t h e  c a s e  V ~-7~= ~ ~ l; 
x>>i ,  ( ~ -  ~). 

F r o m  (2.2) w e  ob ta in  

a_ ,.~ - -  2k / ( i  --{- )~) :4, b_ . ~  - -  3k l4  (1 + )~) (2.3) 

We s e e k  the  so lu t i on  of (2.1) in  the  f o r m  

cI) (~, ~) --- A (T) exp (-- ir (T)) (2.4) 

We s u b s t i t u t e  (2.4) in to  (2.1) and s e p a r a t e  the  r e a l  and  i m a g i n a r y  p a r t s ;  we  then  i n t e g r a t e  the  equa -  
t i on  f o r  t he  a m p l i t u d e  A (~) once.  

We ob t a in  

1/2 (dA/d'r) ~ -{- V (A)  ~ H ~= c o n s t  

V (A )  = - -  M 2 / A  ~ - -  (b/4a) A a - -  (c/2a) A ~, M = A2dlp/d'~ = const 

L e t  us  c o n s i d e r  v i b r a t i o n s  wi th  a z e r o  " m o m e n t , "  M =  0. T h e  s o l u t i o n  of  Eq.  (2.5) has  the  f o r m  

(2.5) 

(2.6) 

A ( ' ~ ) =  A o V I - - 3 " ~ S n [ ] / ' l l ~ l c / a  { (l + ~) ~; ] f ( i - - ~ ) / ( i  ~'~)] (2.7) 

---- V'I--H/~z0, A0= ) rF~bl ,  V o = c * / 4 1 a b l  (2.8) 

F i g u r e  1 i l l u s t r a t e s  the  p o t e n t i a l  c u r v e  (2.6). T h e  v a l u e s  of A 0 and V 0 on F i g .  1 a r e  c a l c u l a t e d  us ing  
(2.8). In t he  c a s e  (2.3), an e v a l u a t i o n  of t h e  v a l u e  of t he  m a x i m a l  a m p l i t u d e  A = [ x - Y l m a x  c o r r e s p o n d i n g  to  
A 0 in  (2.7), (2.8) g i v e s  

A ~4eV(I  +)~) 13 (2.9) 

T h e  quan t i ty  ~ c o r r e s p o n d s  to  a sh i f t  wi th  r e s p e c t  to k f r o m  t h e  l o w e r  b o u n d a r y  of the  r e g i o n  of i n -  
s t a b i l i t y  f r o m  the  s i d e  of s m a l l  v a l u e s  of k,  in to  the  r e g i o n  of l i n e a r  s t a b i l i t y  (8' - I ~ I): k_ - k ~8~'k . T h e r e -  
f o r e ,  a s s i g n i n g  s m a l l  v a l u e s  f o r  t he  quan t i ty  ~, we  ob ta in  s m a l l  c r i t i c a l  a m p l i t u d e s  in e x p r e s s i o n  (2.9), a t  
w h i c h  t h e r e  i s  a b r e a k d o w n  of the  s t a b i l i t y  o f v i b r a t i o n s  of  f i n i t e  a m p l i t u d e  n e a r  t h e  l o w e r  b o u n d a r y  of the  
r e g i o n  of i n s t a b i l i t y .  

T h e  a u t h o r  i s  i n d e b t e d  to  B.  V. C h i r i k o v  f o r  h is  e va lua t i on  of t he  r e s u l t s  of the  w o r k .  
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